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Effects of nonequilibrium fluctuations on ionic transport through biomembranes

Kwonmoo Lee and W. Sung
Department of Physics, Pohang University of Science and Technology, Pohang 790-784, Korea

~Received 8 December 1998; revised manuscript received 5 April 1999!

We investigate the effects of nonequilibrium flutuations on ionic transport through ion channels in mem-
branes using the concept of localized ratchet. Due to the localization, the ionic population in the binding site
can be enhanced or suppressed depending upon ionic potential and its fluctuations, affecting the gating kinetics
of the channel. The localized dichotomic fluctuations of ionic potential are shown to give rise to a current
reversal differing from the results of periodic ratchets. It is also found that strong correlations between binding
energy and membrane potential fluctuations induce resonancelike behaviors in ionic current as the fluctuating
rate varies.@S1063-651X~99!17010-7#

PACS number~s!: 87.16.Uv, 05.40.2a, 05.10.Gg
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It has been shown that oscillatory or stochastic elec
fields may cause directional flow in biochemical cycle a
active transport through biomembranes@1–4#. Using irre-
versible thermodynamics, enzymes have been shown to
lize free energy supplied by external time-dependent per
bations driving the chemical reactions they catalyze aw
from equilibrium@1#. The random fluctuations of an extern
electric field can stimulate the pumping mode of N
K-ATPase, which has been theoretically shown to be a k
of resonance between external field frequency and inte
frequency of the membrane proteins in a four-state elec
conformational coupling~ECC! model@2#. The same experi-
mental data can be interpreted in terms of much simp
Astumian-Robertson~AR! model for the active kinetics
which takes into account two states of the protein only,
including internal fluctuation of membrane potential@3#.

In the physics community, nonequilibrium fluctuatio
~noise!-induced phenomena have recently attracted consi
able attention. The thermally driven escape of Brownian p
ticles over fluctuating potential is greatly enhanced if the r
at which the potential fluctuates is commensurate with
escape rate in the absence of the fluctuation, which is ca
resonant activation @5,6#. Another novel phenomeno
brought by nonequlibrium flucutation, calledstochastic
ratchet is the occurrence of macroscopic current in a tra
lationally symmetric~periodic! but locally asymmetric struc
ture even though no macroscopic force is acting on aver
@7#. There are a variety of fluctuations with a wide range
time scales in biological systems due to their complex str
tures which are flexible and susceptible to external nois
With these fluctuations incorporated into potentials, reson
activation and ratchet can be relevant phenomena be
biological cooperativity.

The ratchet potentials have usually been considered t
of periodic sawtooth-type with two different slopes.
Brownian particle first localized in a potential minimum r
arranges itself in a changed potential induced by a none
librium fluctuation. Due to asymmetry of the sawtooth p
tential, the subsequent distribution rearrangement gives
to a directed motion. The two cases of nonequilibrium noi
of dichotomic type have been considered. One is the fluc
tion of force, uniform at any time, which, upon acting on t
particle, gives rise to a uniform flux toward the side of low
PRE 601063-651X/99/60~4!/4681~6!/$15.00
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slope@8#. The other case is the fluctuation of potential. Wh
the potential barrier is fluctuating dichotomically for e
ample, the net flux is induced toward the side of higher slo
@8#. In either limit of fast or slow fluctuation, the net flux i
reduced to zero. This is due to the fact that for fast fluct
tion the net current is the outcome of the average poten
and for slow fluctuation it is the average of the current
each individual potential configuration allowed by the flu
tuation. But when the flipping~fluctuation! occurs at optimal
rates, maximum currents can occur.

In the systems where the translational invariance is b
ken, it has been shown that the nonequilibrium fluctuatio
can give rise to a high probability into a desired position@9#
and frozen disorders strongly reduce the efficiency of rat
ets @10,11#. The ion channels in biological membrane
should provide an example of the ratchetlike systems w
finite size as well as broken translational symmetry.

Ion channels are the macromolecular structures that p
an important role for ionic transport across biomembrane
give rise to neural signal transduction. In crossing the ch
nel, the ions are subject to a potential given by the membr
and other fluctuating background media of dielectric char
ter. Since, in addition, the ion channel has a large numbe
conformational states undergoing transitions, the ba
grounds give rise to nonequilibrium fluctuations with vario
time scales@12#. The binding sites located in the chann
form local potential minima where the ions reside for a wh
to cross the membrane. Considering only one site of bind
with variable widths and depths~interacting ranges and en
ergies!, we adopt for analytic simplicity the piecewise line
potential as the ionic potentialU(x), defined for the position
0,x,L as shown in Fig. 1~a!. When the potential differ-
ence across the membrane~membrane potential! Um van-
ishes, the potentialU(x) is symmetric with respect to the
binding site, which is assumed to be located at the cen
x5x25L/2 @Fig. 1~b!#.

Because the nonequilibrium fluctuation in the syste
with no translational symmetry can induce the localization
Brownian particles as mentioned before, it can be infer
that the ionic population in binding sites of ion channel c
be enhanced or suppressed by the fluctuations. It has
shown that the ionic population in the binding sites can
fluence channel function by interacting with chann
4681 © 1999 The American Physical Society
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4682 PRE 60KWONMOO LEE AND W. SUNG
structure@13–18#. For example, the permeant ions preve
the channel from closing by entropic interaction@13–16#.
Therefore, there is a good possibility that the fluctuatio
affect the gating kinetics of the channels via pumping io
into or out of the binding site.

In this paper, we study the changes of ionic concentra
at the binding site and current in ion channels induced
nonequilibrium fluctuations. The equation of motion for
ion in the channel is the overdamped Langevin equation

g ẋ52
]U~x!

]x
1j~ t !1F~x,t !, ~1!

wherej(t) is the thermal noise, white and Gaussian, rela
to the damping coefficientg via the fluctuation-dissipation
theorem,

^j~ t !j~0!&52gkBTd~ t !. ~2!

With this noise only, the system approaches the equilibri
at long times. By the additional nonequilibrium fluctuatio
F(x,t), however, the system is driven out of the equilibriu
We consider the nonequilibrium fluctuation to be modeled
dichotomic noise which flips between two states with ratef.
One case we study is the fluctuation of the membrane po
tial (Um) i.e., the uniform force acting on the ion in th
region, 0,x,L. The other case is the local potential flu
tuations which are manifested in the barrier heights,U1 and
U3, and the binding depthU2, due to the local fluctuations o
electric fields on the ion induced by the backgrounds.

In both cases, the force on ions in each region fluctua
betweenFi1DFi andFi2DFi where i denotes each linea
region (xi 21 ,xi), i 51, . . . ,4. One can set up theFokker-
Planck equations equivalent to the Langevin equations
each region as follows:

FIG. 1. ~a! Model potentialU(x) of ion with a binding site at
the center of channel. It is characterized by the barrier he
U1 ,U3 and binding depthU2 as well as the membrane potenti
Um . ~b! The U(x) is taken to be symmetric in the absence
membrane potential (Um50).
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]

]t
Pi

6~x,t !5
1

g

]

]x S 2~Fi6DFi !1kBT
]

]xD Pi
6~x,t !

2 f Pi
6~x,t !1 f Pi

7~x,t !. ~3!

Here Pi
6(x,t) is the probability density att in region i that

the particle is at positionx under the force with6 signs,f is
the flipping rate of the fluctuation.

It should be noted that in our situation, in general, t
usual rate kinetics adopted in ECC and AR models sho
not be applied since the nonequilibrium fluctuations and
crossing dynamics can be fast so that the particle within
well is not in quasiequilibrium. The rate kinetics fails to giv
a correct description if the flipping time (f 21) is not much
longer than the ionic relaxation timetD , comparable to
L2/D whereD5kBT/g ~diffusion constant!, because the fas
fluctuation drives the ions in the well away from quasieq
librium @6#. If we take the values asL55 nm and D
510211;1029 m2/s, which is smaller than in the bulk be
cause of restricted space inside the pore@19#, the tD is of
order of 1028;1026 s. This suggests that the rate kineti
has a limited validity for the ionic transport under the no
equilibrium fluctuation with the flipping ratef 5106 Hz as-
sociated with stimulating the pumping mode of N
K-ATPase@2#. Moreover, it is not legitimate to use the ra
kinetics for the case where the barrier height is not h
enough for ions in the well to be equilibrated. The descr
tion of Fokker-Planck equation should have more gene
validity for the wide range of flipping rate and in the lo
barrier cases.

After converting to dimensionless unitsx/L→x,
(kBT/gL2)t→t, (gL2/kBT) f→ f , and (Fi6DFi /kBTL)
→Fi6DFi , we get the following Fokker-Planck equation

]

]t
Pi

6~x,t !5
]

]x S 2~Fi6DFi !1
]

]xD Pi
6~x,t !2 f Pi

6~x,t !

1 f Pi
7~x,t !. ~4!

In terms of the new functions,Pi(x,t)5Pi
1(x,t)1Pi

2(x,t)
and Qi(x,t)5Pi

1(x,t)2Pi
2(x,t), the equation can be writ

ten as

]

]t
Pi~x,t !5

]

]x S 2Fi Pi2DFiQi1
]

]x
Pi D , ~5!

]

]t
Qi~x,t !5

]

]x S 2FiQi2DFi Pi1
]

]x
Qi D22 f Qi . ~6!

The stationary solution ofPi(x,t), the total probability
density, is of interest. Below we obtain stationary solutio
satisfying (]/]t)Pi50 and (]/]t)Qi50, and thus

2Fi Pi2DFiQi1
]

]x
Pi52J, ~7!

]

]x F2FiQi2DFi Pi1
]

]x
Qi G22 f Qi50, ~8!

t
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PRE 60 4683EFFECTS OF NONEQUILIBRIUM FLUCTUATIONS ON . . .
where J is the stationary current which is defined
(]/]t)P52(]/]x)J. After eliminating Qi(x) in the above
equations, we obtain the following linear ordinary differe
tial equation forPi(x):

H ]3

]x3
22Fi

]2

]x2
1~Fi

22DFi
222 f !

]

]x
12 f FiJ Pi~x!52 f J.

~9!

We write the solution of the form

Pi~x!5(
j 51

3

Ci j e
l i j x1J/Fi ~10!

and, by Eq.~7!,

Qi~x!5
1

DFi
(
j 51

3

~2Fi1l i j !Ci j e
l i j x. ~11!

where l i j is the j th root of the characteristic equation
region i that follows from Eq.~9!.

To maintain the stationary state of constant but nonu
form concentrations, we impose the boundary condition
both sides of membrane located atx50 andx51,

P1~0!5AinCin /Ntot , ~12!

P4~1!5AoutCout /Ntot , ~13!

whereCin andCout are ionic concentration in bulks,Ain and
Aout denote the cross-sectional area of the channel inside
outside of membrane, andNtot is the total number of ions in
the system including the bulk. Moreover, since the bulk c
centrations do not depend on the configuration~1 or 2! of
the fluctuation,P1

1(0)5P1
2(0) andP4

1(1)5P4
2(1), which

gives us

Q1~0!50, ~14!

Q4~1!50. ~15!

If we further note thatPi(x) andQi(x) have to be continu-
ous at anyx, we obtain the following boundary conditions

Pi~xi !5Pi 11~xi !, ~16!

Qi~xi !5Qi 11~xi !. ~17!

Applying the continuity ofPi(x), Qi(x), and the probability
currents,JQ defined as (]/]t)Qi52(]/]x)JQ , to Eq. ~6!,
we can find additional boundary conditions,

Qi 118 ~xi !2Qi8~xi !5$~Fi 112Fi !Qi~xi !

1~DFi 112DFi !Pi~xi !%, ~18!

where the prime denotes position derivative.
What remains to be done is to solve the linear equati

with 13 unknowns using the above 13 boundary conditio
for ionic population ci(x)5NtotPi(x) and currentNtotJ,
with the parameters relevant to the real channel. We de
i-
at

nd

-

s
s,

e

the ratio of the number of ions in the binding in the presen
of the fluctuation to that without it andj, the normalized
current,

N/N05

E
x1

x2
dx c2~x!1E

x2

x3
dx c3~x!

E
x1

x2
dx c2

0~x!1E
x2

x3
dx c3

0~x!

, ~19!

j 5
NtotJ

AinCin
, ~20!

where the superscript 0 indicates no fluctuation. The ra
N/N0 is expected to go to unity as flipping rate of any flu
tuationis goes to infinity because ions feel only average
tential, which is exactly the potential in the absence of flu
tuation. For the same reason, a fast nonequilibri
fluctuation around an equilibrium yields no net current.

First consider the fluctuation of membrane potenti
DUm , around the equilibrium state,Um50 with Cin
5Cout , where the potential barriers are symmetric about
position of the binding site,x2 . In Fig. 2, it is shown that the
localized potential with broken translational symmetry c
alter the ionic population under nonequilibrium fluctuation
We can see for this case that slow fluctuations~small f ) in
membrane potential increase the ionic population for narr
binding site~a!, decrease it for wide binding site~b!. The
slow membrane potential~force! fluctuation induces directed
current and thus enhancement and suppression of the
population at the binding site. Whether the ionic populati
increases or not is determined by the direction of the curr
which depends on the local shape of asymmetric poten
As can be inferred from the result of a ratchet with fluctu
ing force, the binding site narrow~wide! enough to produce
the potential well of high~low! slope in the rangex1,x
,x3 induces the nonstationary current into~out of! it.

Figure 3 concerns the situation where the two barri
fluctuate simultaneously. The enhancement or suppressio
the population is observed depending upon the width of

FIG. 2. Enhancement and suppression of ionic population
membrane potential fluctuations with slow flipping;~a! is for
x1 /x250.9 ~narrow binding site! and ~b! is for x1 /x250.1 ~wide
binding site!; Um50, Cin5Cout , U15U358, U250, x250.5,
x22x15x32x2 , DUm52, DU15DU25DU350.
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4684 PRE 60KWONMOO LEE AND W. SUNG
binding site and time scale of fluctuations, which is entire
different from the above result of membrane potential flu
tuation. The results of periodic ratchet potentials@8# explain
that the moderately fast potential fluctuations make the io
population increase for wide binding site and decrease
narrow binding site. But, a difference lies in that in our ca
there exists a range of small flipping rate where the io
population is enhanced for either case, resulting from
nature of localized ionic potential with a broken transition
symmetry.

In the above case there is no net current due to inver
symmetry of the system. However, if we allow only on
barrier to fluctuate while keeping the other to be fixed,
find that a net current of different direction does occur d
pending upon the flipping rate~Fig. 4!. The ionic population
has nearly the same feature~Fig. 5! as found in the case o
two barrier fluctuations. While the current peak induced
fast flipping can be observed as in periodic ratchets, the
rent reversal by slow flipping is a novel pheonomenon due
broken-translational symmetry, which gives rise to ionic i
balance between binding site and bulk, and local fluctua

FIG. 3. Enhancement and suppression of ionic population
two barrier fluctuations;~a! is for x1 /x250.1 ~wide binding site!
and ~b! is for x2 /x150.9 ~narrow binding site!; Um50, Cin

5Cout , U15U358, U250, DUm50, DU15DU252, DU2

50, x250.5, x22x15x32x2.

FIG. 4. Induced currents by one barrier fluctuation; the situat
is the same as Fig. 3 except forDU150.
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of the barrier. Because of this reversal current, the incre
of ionic population in binding site takes place in Fig. 3~b!.

Although we have considered two cases of fluctuatio
separately, in real situation, however, they occur in cor
lated manners. As the conformation of the voltage-gated
channel depends upon the direction of applied field, so d
the shape of ionic potential. This asymmetric field depe
dency does bring the local fluctuations of the potential
strong correlation with the fluctuation of the membrane p
tential, Um . In the case of periodic ratchet, the correlat
fluctuation between force and potential tops cannot be dis
guished from the correlation with potential bottoms. Ho
ever, in our situation, the correlation between force and
tential barriers~tops! and binding energy~bottom! give rise
to quite distinct features in ionic population and current. F
ures 6 and 7 represent the behaviors of the ionic popula
and current for the case where the membrane potential fl
tuates aroundUm50 synchronously with the barrier heigh
U1 andU3. We find that the ionic population gets the max
mum at an optimal flipping rate while the current decrea
monotonically as the flipping rate decreases. The maxim
population is a kind of resonance explained as follows: wh

y

n

FIG. 5. Enhancement and suppression of ionic population
one barrier fluctuation; the situation is the same as the prev
figure.

FIG. 6. Change of ionic population in the binding site induc
by fluctuating barrier heights correlated with fluctuating membra
potential; x1 /x250.5, Um50, Cin5Cout , U15U358, U250,
DUm52, DU15DU252, DU250, x250.5, x22x15x32x2.
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the lowering of the barrier height (U2) due to the fluctuation
facilitates the ion to cross, but the subsequent raising of
other barrier height (U3) can forbid the ion to escape from
the binding site if the flipping rate happens to be compara
with the escape rate. The current increases monotonical
the flipping rate decreases because for low flipping rate b
barrier heights can remain lower for the duration longer th
the crossing time.

Figures 8 and 9 depict the case where the membrane
tential fluctuation, same as above, is accompanied with
binding depth (U2) fluctuation. In contrast to the precedin
results, while the ionic population becomes the maximum
a low flipping rate, there is an optimal flipping rate that min
mizes the ionic population and at the same time maximi
the current in the direction opposite to current attained at
frequencies. The reason for the maximal population for a
flipping rate is argued as follows: when the binding ene
changes due to the fluctuation,DU2 , it incurs the popula-
tional change in accordance with the Arrhenius factor, wh
yields overall enhancement beyondN0 by the factor
1
2 (eDU21e2DU2), which is larger than unity. When the flip

FIG. 7. Change of ionic current induced by fluctuating barr
heights correlated with fluctuating membrane potential; the si
tion is the same as the previous figure.

FIG. 8. Change of ionic population in the binding site induc
by fluctuating binding energy correlated with fluctuating membra
potential; Um50, Cin5Cout , DUm52, DU15DU350, DU25
22, U15U358, U250, x1 /x250.5, x250.5, x22x15x32x2.
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ping is optimal, however, there exist the resonancelike
haviors in current as well as in ionic population where t
flipping of electric field becomes efficient in pumping ion
out of shallow binding site. This novel phenomenon tak
place by the cooperative activity of the localization of pote
tial, thermal noise, and the membrane potential and bind
energy fluctuations.

The above mentioned maximum current for some range
the flipping rate features also in some theoretical models
ing chemical kinetics. The ECC model, which considers fo
conformational states, exhibits the current resonance
tween the flipping rate and the internal frequency of the p
tein @2#. This result, however, is attibutable to macromolec
lar conformational transitions the model assumes, which
significantly different from our situation. The AR model o
two conformational states interprets the results of E
model for the case where the intrinsic fluctuation of me
brane potential exists@3#. In this model, however, the fluc
tuation of external electric field is statistically uncorrelat
with the intrinsic fluctuation. On the other hand, the no
monotonic dependence of current on the flipping rate p
sented in this paper is brought by strong correlation betw
the fluctuations from external electric field and internal bin
ing energy. This suggests another new mechanism by w
the enhancement of ionic current takes place in the prese
of the membrane potential with a fluctuation of suitable tim
scale.

Now suppose that the nonequilibrium fluctuations occ
around the Nernst equilibrium, with

Um52 ln
AinCin

AoutCout
~21!

and no net current. Figure 10 shows that more currents in
direction of higher potential~current reversal! are generated
as Um increases. Figure 10~d! depicts the case withUm53
~equivalent to 75 mV approximately!, a value close to the
rest membrane potential typical of biomembranes. It
worthwhile to investigate how the fluctuation of binding ca
be correlated with the mechanism of ion pumps of genera
the uphill current in real biomembranes.

r
-

e

FIG. 9. Change of ionic current vs flipping rate induced
fluctuating binding energy correlated with fluctuating membra
potential; the situation is the same as the previous figure.
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4686 PRE 60KWONMOO LEE AND W. SUNG
The relevant parameters for biological transport areL
55 nm ~thickness of biomembranes!, U1,355;10kBT
~barrier height!, Um510;100 mV ~membrane potential!,
andD510211;1029 m2/s ~diffusion constant!. The dimen-
sionless parameters employed in this paper,U15U358,
Um50;3, andDUm52 are in the above range. The ran
of the flipping rate where the fluctuation-driven phenome
occur in our results is 104;1011 Hz, which is obtained by
multiplying the dimensionless flipping rate byD/L2 (105

FIG. 10. Behaviors of ionic current induced by the fluctuati
binding site strongly correlated with the fluctuating membrane
tential in various Nernst equilibrium conditions. The~a! is the same
as in Fig. 9. The situation is the same except forUm51 ~b!, 2 ~c!,
3 ~d!, andAinCin /AoutCout5e2Um.
ys
a

;107 Hz). In particular, the current induced by the fluctu
tion in Figs. 9 and 10 occurs in the range of 104;109 Hz,
which covers the optimal frequency, 106 Hz for the pump-
ing mode of Na, K-ATPase@2#.

In summary, we have investigated the behaviors of
channels subject to nonequilibrium fluctuations using
idea of the localized ratchet systems. It has been shown
the fluctuations facilitate the increase or decrease of ion
the binding site due to the localization, depending upon
shape of ionic potential, membrane potential, as well as t
fluctuations, and the time scales. These effects appear t
relevant to the real situations where the permeant ions af
strongly the gating kinetics of ion channels by interacti
with channel structure. Because of broken translational s
metry, the local barrier fluctuations for the case of narr
binding site give rise to the increase of ionic population a
the current in a direction opposite to what is expected fr
the theory of periodic ratchets. Among many features,
mention that the strong correlation between the fluctuati
of membrane potential and binding energy cooperates w
thermal noise and localized ionic potential to induce the
haviors including the maximum current reversals for optim
flippings. For the full description of the nonequilibrium
fluctuation-induced effects on ion transport, the interact
between the ion and the channel structure, which has b
developed in our previous work@16# and other reference
@17,18#, has to be incorporated into our theoretical investig
tion.

The authors acknowledge the support of the Korea
search Foundation~1997!.
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